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Abstract---Mathematical models are essential in testing alternative hypotheses to explain the 
concentrating mechanism of the mammalian kidney. The basis features of a central core and two 
other vasa recta models, as well as efficient modeling techniques are described. It is shown that, 
by suitable choice of a few parameters, the two vasa recta models lead to the same osmolality and 
concentration ratios as the central core model. 
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INTRODUCTION 
In mammals, the kidney is used to maintain the volume and composition of body fluids within 
very narrow limits. Mathematical models have been responsible for many of the basic ideas 
leading to our understanding of this mechanism. A lengthwise cross-section of the kidney reveals 
two distinct parts: the cortex and the medulla. The medulla is subdivided into the outer and 
the inner parts. The cortex contains the renal corpuscles, and the proximal and the distal 
tubules. The loops of Henle (which turn at different levels) and the collecting ducts reside in the 
medulla. Blood gets filtered in the renal corpuscle; the filtrate then flows successively through 
the proximal tubule (which winds around the renal corpuscle), Henle's loop (the descending and 
ascending parts are joined by a hairpin turn), the distal tubule (which winds around in the cortex 
and makes contact with the Juxta-glomerular apparatus related to the renal corpuscle), and the 
collecting duct to emerge as the final urine. Blood also flows down into the medulla and then 
back to the cortex through the vasa recta. This retrieves the water and solutes absorbed from 
the tubules. By varying the composition of the final urine, the composition of the interstitial 
fluid bathing the cells of the body is maintained within the narrow limits compatible with life. 
Computer models that use experimentally available parameters have generated concentration 
gradients in the outer medulla consistent with experimental data by including metabolically 
driven (active) salt transport out of thick ascending limb of Henle's loop, but have been unable 
to generate any significant concentration gradient in the inner medulla where there is no active 
transport. How tile inner medulla concentrates urine is still one of the major unsolved problems 
in renal physiology. Hypotheses continue to be proposed to answer this question. Mathematical 
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models are essential in the testing of such alternate hypotheses. See [1] for more details and an 
extensive list of references. 
The loops of Henle (each loop consists of a descending and an ascending part--DHL and AHL) 
turn at various medullary levels. In some models [2,3], this fact is incorporated by merging all 
the loops into a single composite loop, and allowing part of the axial flow at each level to be 
shunted from DHL to AHL. Such models are called Shunt Models--SM. Naturally, in such models, 
the cross-sectional reas of the DHL and AHL, in the composite loop, progressively decrease in 
accordance with the original nephron distribution. The vasa recta have a shunting mechanism via 
the capillaries. This fact has been utilized to develop a composite vas rectum with shunts [4,5]. 
Some models have utilized multi-vasa recta [2,3]. 
Multinephron models, all of which use Stephenson's central core assumption [6], have also been 
developed. Two representations have been used in such models. One is to use a small number 
(no more than six) of discrete loops of Henle [7-10]. The other is to use a continuous distribu- 
tion of loops represented by weighting the integrals when computing convective and transmural 
fluxes [7,11,12]. 
It has been observed that a central core model concentrates better than the corresponding vasa 
recta model. In particular, for a model of the inner medulla, where the Central Core (CORE) 
is replaced by one Descending Vas Rectum (DVR), two Ascending Vasa Recta (AVR) and two 
nodes, it was shown in [13] that concentrating ability decreases with increasing vasa recta flow. 
In this paper, we present detailed comparative studies between our central core model (4t) and 
two other vasa recta models (6t) and (7t). Model 4t, which is shown in Figure 1 and described in 
detail in [14], has four tubes: DHL, AHL, collecting duct (CD), and CORE. As already mentioned, 
the loop distribution is approximated by shunts (shown by dotted lines in Figure 1) from DHL 
to AHL. It was shown in [15] that this is a reasonable approximation. Model 6t (see Figure 2) is 
obtained from model 4t by replacing the CORE by one DVR and two AVRs. Model 7t, shown 
in Figure 3, results from 6t by replacing the two AVRs by three AVRs. Both models, 6t and 7t, 
differ from models in [3,13,16-18], in that the so-called nodes are not included, since it was shown 
in [13,16,17] that the effect of nodes is mitigated when realistic diffusion is included. In the 7t 
model, we have made use of Figure ld in [19, p. 540], where the AVRs can be classified into three 
categories: 
(a) those near AHL and CD, 
(b) those near DHL and AHL, and 
(c) those belonging to neither categories (a) or (b). 
MODEL 4t 
For this model (see Figure 1 and for more details see [19]), let i = 1,2,3, and 4 denote, 
respectively, DHL, AHL, CD, and CORE, and x be the distance measured from the top (x = 0) 
to the bottom (x = 1). The variables are: Fi , (x)  = volume flows, Cik(x) = solute concentrations, 
where k = s (salt), u (urea). The entering flows and concentrations Fly(0), Clk(0), F3v(0), and 
C3k(0) are given. Also, Fa~(1) = 0, C~k(1 ) = 0; at x = 1, DHL (tube 1) makes a hairpin turn to 
become AHL (tube 2), and therefore, F2v(1) = -FI~(1) and C2k(1) = Clk(1). 
The differential equations are 
dFiv 
d-T- + J~v(x) = O, (1) 
d (FivCik) 
+ J~k(x) = 0, i ¢ 4 (2) 
dx 
dF4k 
dx + J4k(z) = 0, (3) 
dCak 
D4k-"~X -t- F4k -- F4vC4k ~- O, (4) 
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Figure 1. Four tube central core model (4t). 
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Figure 2. Six tube vasa recta model (6t). 
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Figure 3. Seven tube vasa recta model (7t). 
where Jiv(x) and Jik(x) are, respectively, transmural volume and solute fluxes, D4k are the 
diffusion coefficients, and Fak(x) are the axial solute flows, J~,(x) and J~k(x) are functions of 
only C~k(x) and C4k(x), and are given by 
Jiv(x) = hiv(x) ~ RT  [C4k(x) - Cik(X)] O'ik(X), k = 1, 2, (5) 
k 
2 
a~k(X) k = 1, 2, (6) + hik(x)[Cik(X) -- C4k(x)] + 1 + (bik(x)/Cik(x))' 
where c~k is the Staverman reflection coefficient of the wall of the ith tube for the k th solute, hik 
is its passive permeabil ity for the k th solute, hi~ is its hydraulic permeabil ity coefficient, aik is 
the maximum rate of transport,  bik is Michaelis constant, R is the gas constant, and T is the 
absolute temperature. 
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Mass balance requires that 
4 4 
J ,v (z)  = 0, = 0 (7) 
i=1 i=1 
If we set h = l /n ,  x j  = ( j  - 1)h, where j = 1,. . .  ,n + 1; Fi.~ = F i , (x j ) ,  Fikj  = F~k(x j ) ,  and 
C~kj = C~k(x j ) ,  then, as shown in [14], integrating (1)-(4) and using the boundary conditions, 
we get 
f (v,  z) = 0, (s) 
g(y,  z) = 0, (9) 
where y = (Cikj), i =- 1,2,3, k = s ,u ;  for i = 1,3, j = 2 , . . . ,n  + 1; and for i = 2, j = n, 
n -  1 , . . . ,1 ;  z = (Cakj) ,  k = s ,u ;  j = 1 , . . . ,n  + 1. Evidently, f , y  • R °n and z ,g  • R 2('~+1). 
It is shown in [14] that the spaxsity of equations (8) makes it possible to express y, called the 
nonbasic variable, as a function of the basic variable z by solving the f (y (z ) ,  z) = 0 for y(z ) .  
This leads to efficient solution of the basic equation g(y(z ) ,  z) = 0 for z. Detailed mathematical 
analysis of such nonlinear Shur complement methods is given in [20]. 
MODEL 6t 
The differential equation for this model is equation (1), 
d ( F ivCik ) 
+ J ik(X) = 0, (10) 
dx 
and equation (3). The boundary values Fir(O), Cik(O), i = 1,3,5, k = s ,u  are given. The rest 
of the boundary values are obtained from the conditions: F2,(1) = -F ly ( l ) ,  C2k(1) = Clk(1), 
C4k(1) = Chk(1) = C6k(1), F4v(1) -= -74F5.(1), F6,(1) = - ( I  -7a)Fh~(1), where 74 is the 
fraction of DVK (tube 5) volume flow to AVR1 (tube 4). For i = 1, 2, 3, and 5, J i ,  and Jik 
are given by equations (5) and (6). The transmural fluxes between DVR and AVR2 are given 
by analogous equations with C4k(x) replaced by C6k(x) .  In the mass balance quations (7), the 
upper limit for the i sum is, obviously, now 6. 
In our computational gorithms, we choose the equations and variables for AVR1 and DVR 
as basic. Thus, we let y--- (C ik j ) , i=  1,2,3,6, k = s ,u ;  for i  = 1,3, j = 2 . . . .  ,n+l  and for 
i = 2,6, j = n,n -  1, . . . ,1 ;  z = (Fh , j ,C ik j ) ,  k = s ,u ;  for i = 4, j = 1 , . . . ,n ,  and for i = 5, 
j = 2 , . . . ,  n + 1. Therefore, in equations (8) and (9), f, y • R sn and z, g • R 5n. 
MODEL 7t 
This model (see Figure 3) is obtained from model 6t by replacing AVR1 (tube 4) with two 
AVRs--AVR1 (tube 4) and AVR3 (tube 7). This requires additional equations for transmural 
fluxes between DVR and AVR3, and change in i sum limit in equation (7) from 4 to 7. The 
other changes are in the boundary conditions: C4k(1) = Chk(1) = C0k(1) = CTk(1), FTv(1) = 
-~,TFhv(1), F6v(1) = - (1  - 74 - 77)Fhv(1). The basic equations and variables are the ones 
associated with DVR, AVR1, and AVR3. Thus, we let y = (C~kj), i = 1,2,3,6, k = s ,u;  for 
i = 1,3, j = 2 . . . .  ,n+l ,  and for i = 2,6, j = n ,n -1 , . . . ,1 ;  z = (Fhvj ,C~kj) ,  k = s ,u ;  for 
i = 4, 7, j = 1 , . . . ,n ,  and for i = 5, j = 2 , . . . ,n+ 1. Therefore, in equations (8) and (9), 
f , y  6 R s~ and z,g 6 R 7n. 
COMPUTATIONAL RESULTS 
We used the same boundary conditions and parameters as in [3,13,16-18]. The results axe given 
in Table 1, where Fsv(0) is the DVR input volume flow, 74 and 77 are, respectively, the fractions 
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of the DVR volume flows going up AVR1 and AVR3 at x = 1; sis, i = 1, 2, and 3, represent the 
fractions of total possible transmural fluxes, Jis, between DHL and DVR, AHL and DVR, and 
CD and DVR. The osmolatity, salt and urea concentrations ratios between bottom (x = 1) and 
top (x -- 0) are given in the last six columns. The boldface lines are the initial results with the 
original Fs,(O), with the DVR volume flow equally distributed among the AVRs. Thus, 6t and 7t 
have smaller values than 4t, for all these ratios. After extensive computational experiments, we 
found that by modifying only Fsv(0), ~/4, and 77, we were able to get the ratios, given in the 
third and sixth lines. Obviously, these are not close enough to those for 4t. However, by choosing 
small values for (~5, we got the corresponding ratios (lines four and seven) reasonably close to 
those obtained by model 4t in line one. 
Table 1. Osmolality and concentration ratios between values at x = 1 and x = 0. 
DHL (Tube 1) CD (Tube 3) 
F5v (0) ~4 "~7 a15 c~25 a35 Osm. Salt Urea Osm. Salt Urea 
. . . . . . .  2.641 1.944 14.206 1.703 6.429 0.716 
3.440D-7 0.50 . . . .  2.340 1.776 11.701 1.507 5.891 0.591 
1.656D-7 0.50 . . . .  2.648 1.968 13.940 1.687 6.462 0.688 
1.570D-7 0.50 - 0.0711 0.0711 0.0822 2.680 2.000 13.989 1.703 6.424 0.716 
3.440D-7 0.25 0.25 - - - 2.391 1.805 12.120 1.537 5.937 0.617 
2.100D-7 0.45 0.20 - - - 2.606 1.934 13.763 1.665 6.306 0.695 
2.200D-7 0.45 0.20 0.0156 0.0156 0.0560 2.666 1.978 14.090 1.703 6.425 0.716 
4t 
6t 
7t 
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